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1. Introduction
Let U (g) be the enveloping algebra of a nonzero ﬁnite-dimensional Lie algebra g over a ﬁeld k of
characteristic zero, Z(U (g)) its center and Sz(U (g)) its semi-center, i.e. the subalgebra of U (g) gener-
ated by the semi-invariants of U (g). The (Poisson) semi-center Sz(S(g)) of the symmetric algebra S(g),
which is deﬁned in a similar fashion, is known to be isomorphic to Sz(U (g)) if k is algebraically
closed [RV]. Unlike the center Z(U (g)) [DNOW, p. 321], the semi-center Sz(U (g)) is never reduced
to k [D1, 4.9.4] and is always factorial [Moe,LO].
In some important cases Sz(U (g)) turns out to be a polynomial algebra over k. This happens for
instance if g is: semi-simple [D1, 7.3.8], Frobenius (i.e. the index i(g) = 0) [DNO, p. 339], square in-
tegrable (i.e. i(g) = dim Z(L)) [DNOW, p. 323], the Lie algebra of strictly lower triangular matrices
[D4], any Borel subalgebra (as well as its nilradical) of a complex semi-simple Lie algebra [J2, pp. 263
and 257] and many (but unfortunately not all [Y]) parabolic (and biparabolic) subalgebras of certain
complex semi-simple Lie algebras [FJ1,FJ2,J3,J4].
The key result of this paper is the following. Let g be a Lie algebra for which there exists a split
torus T ⊂ Der g (i.e. a commutative Lie algebra consisting of diagonalizable derivations of g) such that
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v1, . . . , vr be the irreducible factors of the nonzero determinant det([xi, x j]) ∈ S(g). Then v1, . . . , vr
are the only (up to nonzero scalar multipliers) irreducible semi-invariants of S(L) and their weights
λ1, . . . , λr ∈ L∗ are linearly independent over k [DNO, pp. 339–343]. We will show that S(g) and S(L)
have the same semi-center, which coincides with the polynomial algebra k[v1, . . . , vr]. A similar result
holds for the semi-centers of U (g) and U (L). Under these circumstances dim T = i(g), which implies
that i(g) rank g, the latter being the dimension of a maximal torus inside Der g. Also, the sum of the
degrees of v1, . . . , vr is at most c(g) = (dim g + i(g))/2, an inequality which is known to be valid in
the cases mentioned above and which has recently been shown to hold in general [OV].
In Section 4 we exhibit examples of different types where this simple method can be employed
successfully in order to compute algebraically independent generators for Sz(U (g)).
Section 5 is devoted to complex indecomposable nilpotent Lie algebras of dimension at most seven.
We use the same classiﬁcation as Carles [Ca] and Magnin [Ma2,Ma3], the latter providing in each case
a maximal torus and a basis which it diagonalizes. However, we also include the notation of Morozov
(M_) [Mor] and Cerezo (C_) [Ce1] in dimension 6 and of Seeley ((. . .)) [Se] and Romdhani (R_) [R]
in dimension 7. We distinguish two classes:
1) i(g) rank g.
Remarkably, in this situation our condition is satisﬁed with very few exceptions (namely, in dimen-
sion 6: g6.15 and in dimension 7: g7.3.1(iλ), λ=0,1; g7,3.12; g7,3.13 and g7,3.17. For all these g is coregular,
i.e. Z(U (g)) is a polynomial algebra, except for g7,3.17).
It turns out that the generators we ﬁnd for Z(U (g)) coincide with the algebraic independent gen-
erators of its quotient ﬁeld listed in [Ce1] for dimension 6 and in [R] for dimension 7 (although in the
latter quite a few cases are missing [Go, pp. 146–149] and some minor corrections have to be made).
Most of the calculations were done with Maple.
As a welcome by-product we obtain all solvable, almost algebraic Frobenius Lie algebras over C
of which the nilradical is indecomposable of dimension at most seven. In each case a split torus
T ⊂ Der g for which L = T ⊕ g is Frobenius is given. Sometimes, the possible solutions for T form a
family depending on parameters. See also [CV].
2) i(g) > rank g.
In this situation, the following methods are employed in order to ﬁnd the generators of S(g)g (and
hence of Z(U (g))): the procedure Dixmier used for dimension at most 5 ([D2], [D3, pp. 322–330]),
singular [GPS] (in case g has an abelian ideal of codimension one), a result by Panyushev [P2, Theo-
rem 1.2] and an effective algorithm recently constructed by Michel Van den Bergh.
We conﬁne ourselves, for now, to ﬁnish the seven remaining cases in dimension 6, of which only
two are not coregular, namely g6,6 and g6,16, the latter being the 6-dimensional standard ﬁliform Lie
algebra L(6) (also called generic ﬁliform). In fact, the n-dimensional standard ﬁliform Lie algebra L(n)
(i.e. with basis x1, . . . , xn and nonzero Lie brackets [x1, xi] = xi+1, i: 2, . . . ,n − 1) is not coregular if
and only if n 5 [OV].
2. Preliminaries and general results
2.1. The index i(L)
Let L be a Lie algebra over a ﬁeld k of characteristic zero with basis x1, . . . , xn . Let f ∈ L∗ and
consider the alternating bilinear form B f on L sending (x, y) into f ([x, y]), with kernel:
L( f ) = {x ∈ L ∣∣ f ([x, y])= 0 for all y ∈ L}.
We put i(L) = min f ∈L∗ dim L( f ), the index of L. We recall from [D1, 1.14.13] that
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([xi, x j]
)
where R(L) is the quotient ﬁeld of the symmetric algebra S(L) of L. In particular dim L − i(L) is an
even number. Furthermore, f is called regular if dim L( f ) = i(L). It is well known that the set L∗reg of
all regular elements of L∗ is an open dense subset of L∗ for the Zariski topology.
Denote by Z(D(L)) the center of the quotient division ring D(L) of U (L) and let R(L)L be the
subﬁeld of the invariants of R(L) under the action of ad x, x ∈ L.
Theorem 2.1.
tr degk Z
(
D(L)
)= tr degk R(L)L  i(L)
[O3,RV]. Moreover, equality occurs if one of the following conditions is satisﬁed:
(1) L is algebraic [O3,RV].
(2) k is algebraically closed and L has no proper semi-invariants in S(L) (or equivalently in U (L)) [OV, Propo-
sition 4.1].
2.2. The semi-center Sz(U (L))
Let λ ∈ L∗ . We denote by U (L)λ the set of all u ∈ U (L) such that ad x(u) = λ(x)u for all x ∈ L.
Any nonzero element u ∈ U (L)λ is called a semi-invariant w.r.t. the weight λ. We call u a proper
semi-invariant if λ = 0. Clearly, U (L)λU (L)μ ⊂ U (L)λ+μ for all λ,μ ∈ L∗ . The sum of the U (L)λ is
direct and it is a subalgebra Sz(U (L)) of U (L), the semi-center of U (L). Sz(U (L)) is factorial and any
semi-invariant can be written uniquely as a product of irreducible semi-invariants. Suppose z ∈ D(L),
z = 0. Then, z ∈ Z(D(L)) if and only if z can be written as a quotient of two semi-invariants of U (L)
with the same weight. So, if L has no proper semi-invariants (as it is if its radical is nilpotent) then
Z(D(L)) is the quotient ﬁeld of Z(U (L)). A useful link with S(L) is the symmetrization map, i.e. the
canonical linear isomorphism s of S(L) onto U (L), which maps each product y1, . . . , ym , yi ∈ L, into
(1/m!)∑p yp(1) . . . yp(m) , where p ranges over all permutations of {1, . . . ,m}.
s is known to commute with each derivation of L and hence maps S(L)λ onto U (L)λ and also
Sz(S(L)) onto Sz(U (L)). This restriction is an algebra isomorphism in case L is nilpotent [D1, 4.8.12]
or if L is Frobenius [DNO, p. 399].
The weights of the semi-invariants of U (L) (or S(L)) form a semi-group Λ(L), which is not nec-
essarily ﬁnitely generated [DDV]. However, the additive subgroup ΛD(L) of L∗ generated by Λ(L), is
a ﬁnitely generated free abelian group [NO]. Perhaps unaware of this a new proof was recently given
[FJ2, p. 1519].
The centralizer of Sz(U (L)) in U (L) coincides with U (LΛ), where LΛ is the intersection of kerλ,
λ ∈ Λ(L). LΛ is a characteristic ideal of L for which the following holds [DNO, pp. 332, 343]:
Theorem 2.2.
Z
(
U (L)
)⊂ Sz(U (L))⊂ Z(U (LΛ)
)= Sz(U (LΛ)
)
and Z(D(LΛ)) is the quotient ﬁeld of Z(U (LΛ)). Moreover, Sz(U (L)) = Z(U (LΛ)) in case k is algebraically
closed and either L is almost algebraic or L is Frobenius.
Similar results hold in S(L). See also [FJ2, p. 1518].
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A Lie algebra L is called Frobenius if there is a linear functional f ∈ L∗ such that the alternating
bilinear form B f (x, y) = f ([x, y]), x, y ∈ L, is nondegenerate, i.e. i(L) = 0. This notion was introduced
in [O1] in connection with the problem of Jacobson on the characterization of Lie algebras having
a primitive universal enveloping algebra. See [O2,O3] for the general solution. In particular, U (L) is
primitive if L is Frobenius and the converse holds if L is algebraic. It has become clear over the years
that these Lie algebras form a large class. They also play an important role in different areas. For
instance, many Lie subalgebras of semi-simple Lie algebras, such as some parabolic and biparabolic
(seaweed) subalgebras, are Frobenius [E1,E2,E3,Ge,P1], including most Borel subalgebras of simple Lie
algebras [EO, p. 146]. Other examples are j-algebras which are real, solvable Lie algebras, which play
an essential role in the study of bounded homogeneous domains in Cn , admitting a simply transitive
solvable group of analytic automorphisms [PS]. Also, Frobenius (and quasi-Frobenius) Lie algebras give
rise to constant solutions of the classical Yang–Baxter equation [Dr]. More recently, Frobenius Lie
algebras appear naturally in the study of simple hypersurface singularities [EK].
We now collect some useful facts on semi-invariants from [O4,DNO]. Let L be a Frobenius Lie
algebra with basis x1, . . . , xn . Then n is even and L has a trivial center. In fact, L is highly noncom-
mutative since Z(D(L)) = k. The Pfaﬃan Pf([xi, x j]) ∈ S(L) is homogeneous of degree 12 dim L and
(Pf([xi, x j]))2 = det([xi, x j]) = 0. This is well determined by L (up to a nonzero scalar multiple) and
for all g ∈ Aut L:
g
(
Pf
([xi, x j]
))= det g Pf([xi, x j]
)
.
Theorem 2.3. Let L be Frobenius and let v1, . . . , vr ∈ S(L) be the (pairwise nonassociated) irreducible factors
of Pf([xi, x j]). Then:
(1) v1, . . . , vr are the only (up to nonzero scalar multipliers) irreducible semi-invariants of S(L), say with
weights λ1, . . . , λr ∈ Λ(L).
(2) Sz(S(L)) = k[v1, . . . , vr], a polynomial algebra over k.
(3) λ1, . . . , λr are linearly independent over k. They generate the semi-group Λ(L) and LΛ = ⋂kerλi ,
i: 1, . . . , r
(4) r = dim L − dim LΛ = i(LΛ) (see also Lemma 3.1).
Corollary 2.4. Let L be Frobenius. Any semi-invariant of S(L) is homogeneous. It is also a semi-invariant under
the action of Der L.
2.4. The Frobenius semi-radical
Put F (L) =∑ f ∈L∗reg L( f ). This is a characteristic ideal of L contained in LΛ and F (F (L)) = F (L).
We have the following characterization: Z(D(L)) ⊂ D(F (L)) and if L is algebraic then F (L) is the
smallest Lie subalgebra of L with this property. For example, if L is square integrable then F (L) = Z(L)
and so Z(D(L)) = D(Z(L)). In particular, Z(U (L)) = U (Z(L)), which is a polynomial algebra. This
phenomenon occurs quite frequently in Section 5. Clearly, F (L) = 0 if and only if L is Frobenius.
Therefore F (L) is called the Frobenius semi-radical of L. At the other end of the spectrum we have the
Lie algebras for which F (L) = L, which we call quasi-quadratic. These are unimodular and they do not
possess any proper semi-invariants. They form a large class, which include all quadratic Lie algebras
(and hence all abelian and all semi-simple Lie algebras) [O6]. This illustrates how far Frobenius and
semi-simple Lie algebras are removed from each other.
Remark. Some time ago Mustapha Rais kindly sent us an unpublished manuscript by André
Cerezo [Ce2], in which the soul (resp. the rational soul) of a Lie algebra L is introduced and studied.
This is the smallest Lie subalgebra of L whose enveloping algebra (resp. enveloping quotient division
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algebraic.
2.5. The number c(L) = (dim L + i(L))/2
c(L), which is an integer, occurs frequently in the theory of Lie algebras.
For instance:
Theorem 2.5 (k algebraically closed). (See [OV].) Assume that Sz(S(L)) is freely generated by homogeneous
elements f1, . . . , fr . Then
∑r
i=1 deg f i  c(L).
The following, which is a minor extension of [OV, Corollary 1.2], is useful as a ﬁrst test for coreg-
ularity.
Corollary 2.6 (k algebraically closed). Assume that L has no proper semi-invariants in S(L) and that S(L)L =
k[ f1, . . . , fr] a polynomial algebra for some homogeneous fi ∈ S(L). Then
3i(L) dim L + 2dim Z(L).
Moreover, if equality occurs then
∑r
i=1 deg f i = c(L) and deg f i  2, i: 1, . . . , r.
On the other hand c(L) is also the maximum transcendence degree of a Poisson commutative
subﬁeld of R(L) [Sa]. See also [JL,PY].
Similarly, c(L) is an upperbound for the transcendence degree of maximal subﬁelds of D(L) and
this bound can be achieved quite often. However a strictly smaller transcendence degree in D(L) (and
also in R(L)) is possible as the following example demonstrates.
Let L be the solvable, almost algebraic Lie algebra over k with basis {x0, x1, . . . xn}, n  2, with
nonzero Lie brackets [x0, xi] = λi xi , i: 1, . . . ,n, such that λ1, . . . , λn are linearly independent over Q.
Clearly, i(L) = n− 1 and c(L) = (n+ 1+n− 1)/2 = n. Then k(x0) is a maximal (resp. Poisson) commu-
tative subﬁeld of D(L) (resp. of R(L)) [O5, Theorems 7, 12] and trdegk(k(x0)) = 1 < n = c(L).
Next, let L be an n-dimensional algebraic Lie algebra satisfying the Gelfand–Kirillov conjecture [GK,
BGR,J1,AOV1,AOV2,O7], i.e. D(L) can be generated by elements z1, . . . , zr, p1, . . . , ps,q1, . . . ,qs ∈ D(L)
such that [pi, p j] = 0, [qi,q j] = 0, [pi,q j] = δi j , i, j: 1, . . . , s and Z(D(L)) = k(z1, . . . , zr), a purely
transcendental extension of k. Then r = i(L), n = r + 2s and c(L) = r + s is the transcendence degree
of the maximal commutative subﬁeld k(z1, . . . , zr, p1, . . . , ps) of D(L).
Finally, let P be a commutative Lie subalgebra of L such that dim P = c(L), i.e. P is a commutative
polarization (CP) w.r.t. any f ∈ L∗reg. Then D(P ) is a maximal subﬁeld of D(L) [O5, p. 706] with
tr degk(D(P )) = dim P = c(L).
It is easy to see that F (L) ⊂ P and hence is commutative. P plays a special role in the construction
of the irreducible representations of U (L) and their kernels, the primitive ideals. If in addition, P is
an ideal of a completely solvable Lie algebra L, then P is a Vergne polarization of L. Furthermore,
Sz(U (L)) ⊂ U (P ) and P ⊂ LΛ [EO, p. 141]. In Section 5 we will provide for each nilpotent Lie algebra
a CP-ideal (if it exists).
3. The main result
Lemma 3.1. Let L be Frobenius and H an ideal of L such that L/H is nilpotent. Then
i(H) = dim L − dim H .
Proof. Let f ∈ L∗reg such that its restriction f |H ∈ H∗reg. Denote by L∞ the intersection of all
terms Ci(L) of the descending central series of L. With respect to the nondegenerate bilinear form
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implies that L∞ ⊂ H . Hence,
H⊥ ⊂ (L∞)⊥ ⊂ L∞ ⊂ H .
Consequently,
i(H) = dim H( f |H ) = dim
(
H ∩ H⊥)= dim H⊥
= dim L − dim H . 
Proposition 3.2. Let H be an ideal of L such that L/H is nilpotent. Suppose v ∈ S(L) is a semi-invariant with
weight λ ∈ L∗ . Then S(H) contains a semi-invariant w of S(L) with the same weight.
In particular, if U (L) is primitive then each semi-invariant v of S(L) is contained in S(H) and
Sz
(
S(L)
)⊂ Sz(S(H)).
Proof. Since L/H is nilpotent, we can ﬁnd ideals Hi of L with dim Hi = i, [L, Hi] ⊂ Hi−1 and such
that
L = Hn ⊃ · · · ⊃ Hi ⊃ Hi−1 ⊃ · · · ⊃ Hd = H .
If v ∈ S(H) then put w = v . So, we may assume that v ∈ S(Hi) \ S(Hi−1) with i > d. Choose
x ∈ Hi \ Hi−1. Then S(Hi) = S(Hi−1)[x]. So, v can be written as a polynomial in x with coeﬃcients
in S(Hi−1):
v = amxm + · · · + a1x+ a0, am = 0.
Take any y ∈ L. Then ad y(x) ∈ Hi−1 and λ(y)v = ad y(v) = ad y(am)xm+ terms of lower degree in x.
It follows that ad y(am) = λ(y)am for all y ∈ L, i.e. am ∈ S(L)λ ∩ S(Hi−1). After repeating the same
reasoning a number of times, we ﬁnd a semi-invariant w of S(L) with weight λ ∈ Λ(L), contained
in S(H).
Now, suppose U (L) is primitive, which is equivalent with R(L)L = k [O3, p. 69]. Since v and w are
semi-invariants with the same weight λ ∈ Λ(L), we observe that
ad y
(
vw−1
)= (w ad y(v) − v ad y(w))w−2 = 0
for all y ∈ L, i.e. vw−1 ∈ R(L)L = k. Hence, for some a ∈ k we have v = aw ∈ S(H). 
Lemma 3.3. Let λ ∈ L∗ be a weight. Then
S(L)λ =
⊕
i
(
Si(L) ∩ S(L)λ
)
.
Proof. The inclusion ⊃ is obvious. For ⊂ we take v ∈ S(L)λ and let
v = vp + · · · + v0
be its unique decomposition into homogeneous components (i.e. vi ∈ Si(L)). Then for any x ∈ L:
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ad x(vi) = ad x(v) = λ(x)v =
p∑
i=0
λ(x)vi .
Since ad x(vi) ∈ Si(L) for all i we may conclude that ad x(vi) = λ(x)vi for all x ∈ L, i.e.
vi ∈ Si(L) ∩ S(L)λ . 
Proposition 3.4. Let g be a ﬁnite-dimensional Lie algebra over k. Suppose there exists a split torus T ⊂ Der g.
Consider the semi-direct product L = T ⊕ g. Then,
Sz
(
S(g)
)⊂ Sz(S(L)) and Sz(U (g))⊂ Sz(U (L)).
Moreover, each weight λ ∈ Λ(g) can be extended to a weight λ′ ∈ Λ(L), i.e. λ′|g = λ.
Proof. Take any weight λ ∈ Λ(g). By the previous lemma and the fact that Sz(S(g)) =⊕λ S(g)λ , it
suﬃces to show that for all m, Vm,λ = Sm(g) ∩ S(g)λ is contained in Sz(S(L)). First we notice that
S(g)λ is a T -submodule of S(g), since S(g)λ is stable under the derivations of g [Mon, p. 265]. Next,
we choose a basis x1, . . . , xn of g consisting of common eigenvectors for all t ∈ T . Then for each m,
Sm(g) is a ﬁnite-dimensional diagonalizable T -module (indeed the monomials xm11 . . . x
mn
n ,
∑
i mi =m,
form a basis of Sm(g) consisting of eigenvectors for any t ∈ T ). Hence, the same holds for the T -
submodule Vm,λ . Therefore if Vm,λ = 0 it contains a basis v1, . . . , vp such that t(vi) = μi(t)vi for all
t ∈ T for some μi ∈ T ∗ . On the other hand, ad x(vi) = λ(x)vi for all x ∈ g. Hence, each vi is a semi-
invariant for L = T ⊕ g, say with weight λ′ ∈ Λ(L). Note that λ′ is an extension of λ. It follows that
Vm,λ ⊂ Sz(S(L)). Consequently, Sz(S(g)) ⊂ Sz(S(L)), which implies that Sz(U (g)) ⊂ Sz(U (L)) (take the
image under the symmetrization s). 
Notation. Let L be a Frobenius Lie algebra with basis x1, . . . , xn . We recall that the Pfaﬃan
Pf([xi, x j]) ∈ S(L) is a homogeneous semi-invariant of degree 12 dim L with weight τ ∈ Λ(L) where
τ (x) = tr(ad x), x ∈ L. Also,
(
Pf
([xi, x j]
))2 = det([xi, x j]
)
.
We now put
Pf(L) = Pf([xi, x j]
)
and (L) = det([xi, x j]
)
.
These are well deﬁned, up to a nonzero scalar multiple.
Theorem 3.5. Let g be a ﬁnite-dimensional Lie algebra over k. Suppose there exists a split torus T ⊂ Der g
such that the semi-direct product L = T ⊕ g is a Frobenius Lie algebra. Let v1, . . . , vr be the irreducible factors
of (L).
Then the following hold:
(1) Sz(S(g)) = Sz(S(L)) = k[v1, . . . , vr], a polynomial algebra.
(2) Sz(U (g)) = Sz(U (L)) = k[s(v1), . . . , s(vr)], a polynomial algebra. This coincides with Z(U (LΛ)) if k is
algebraically closed.
(3) dim T = i(g) and r = i(LΛ) = dim L − dim LΛ .
(4) Λ(g) = {λ|g | λ ∈ Λ(L)} and gΛ = g∩ LΛ .
(5) deg v1 + · · · + deg vr  c(g) = c(L).
(6) If P is a CP of g, then P is also a CP of L.
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S(g)g = k[v1, . . . , vr] and Z
(
U (g)
)= k[s(v1), . . . , s(vr)
]
.
If in addition k is algebraically closed or if g is algebraic, then g = LΛ .
Proof. (1) By the previous proposition Sz(S(g)) ⊂ Sz(S(L)) and each weight λ ∈ Λ(g) can be extended
to a weight λ′ ∈ Λ(L). On the other hand, U (L) is primitive as L is Frobenius. Moreover, g is an ideal
of L and L/g is abelian. Then, by Proposition 3.2 each semi-invariant of S(L) is already contained in
S(g) and Sz(S(L)) ⊂ Sz(S(g)). Consequently, Sz(S(g)) = Sz(S(L)), the latter being a polynomial algebra
in the variables v1, . . . , vr by Theorem 2.3. Note also that if μ ∈ Λ(L) then its restriction μ|g ∈ Λ(g).
(2) This follows immediately from (1) and the fact that s : Sz(S(L)) → Sz(U (L)) is an algebra iso-
morphism which maps Sz(S(g)) onto Sz(U (g)).
(3) Both quotients L/g and L/LΛ [DNO, p. 330] are abelian. Hence, by Lemma 3.1 and Theorem 2.3:
i(g) = dim L − dim g = dim T and i(LΛ) = dim L − dim LΛ = r.
(4) From the proof of (1) we deduce that the map Λ(L) → Λ(g), sending λ into its restriction λ|g ,
is surjective. It follows that
Λ(g) = {λ|g
∣∣ λ ∈ Λ(L)} and gΛ = g∩ LΛ.
(5) v1, . . . , vr are also the irreducible factors of Pf(L) as (L) = (Pf(L))2. Hence, the sum of their
degrees is at most:
deg
(
Pf(L)
)= 1
2
dim L = 1
2
(dim g+ dim T )
= 1
2
(
dim g+ i(g))= c(g).
On the other hand, c(L) = 12 (dim L + i(L)) = 12 dim L = c(g).
(6) Let P be a CP of g, i.e. P is a commutative Lie subalgebra of g for which dim P = c(g). Clearly,
P is also a CP of L since c(g) = c(L).
(7) S(g)g = Sz(S(g)) and Z(U (g)) = Sz(U (g)) as g does not have proper semi-invariants in S(g) nor
in U (g). So, it suﬃces to apply (1) and (2).
Next, we assume in addition that either k is algebraically closed or that g is algebraic. Using (4),
we deduce from g = gΛ that g ⊂ LΛ . Hence it is enough to show that dim g = dim LΛ . As there are no
proper semi-invariants in U (g) we see that Z(D(g)) is the quotient ﬁeld of Z(U (g)). Therefore,
Z
(
D(g)
)= k(s(v1), . . . , s(vr)
)
.
In particular, r = tr degk Z(D(g)) = i(g) by Theorem 2.1. So,
dim L − dim LΛ = dim L − dim g
which yields dim LΛ = dim g. 
Remark. (1) and (2) of the theorem remain valid under the condition that U (L) is primitive (instead
of requiring L to be Frobenius). In that case v1, . . . , vr are the irreducible factors of n(L), a special
semi-invariant of S(L) [DNO, p. 337].
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with triangular decomposition L = N− ⊕ H ⊕ N. Consider the Borel subalgebra B = H ⊕ N. If L is not of one
of the following types An, n 2; D2t+1 , t  2; E6 , then:
(1) B is Frobenius,
(2) i(N) = r, c(B) = c(N), N = BΛ ,
(3) Sz(U (B)) = Z(U (N)), a polynomial algebra in r generators which can be explicitly determined by the
method of Theorem 3.5.
Proof. Clearly, B can be considered as the semi-direct product of the split torus T = adN H ⊂ DerN
with the nilradical N . Since B is Frobenius [EO, p. 146] the previous theorem can be applied. 
4. Examples
1. Let g be the 5-dimensional solvable Lie algebra over k with basis x1, . . . , x5 and with nonvanish-
ing Lie brackets: [x1, x3] = x3, [x1, x4] = x4, [x1, x5] = x5, [x2, x3] = x4, [x2, x4] = x5.
We want to apply Theorem 3.5. Since i(g) = 1 we need to ﬁnd a 1-dimensional split torus T ⊂ Der g
such that the semi-direct product L = T ⊕ g is Frobenius. Put T = 〈t〉 with t = diag(0,−1,2,1,0). The
matrix of Lie brackets of L is:
t x1 x2 x3 x4 x5
t 0 0 −x2 2x3 x4 0
x1 0 0 0 x3 x4 x5
x2 x2 0 0 x4 x5 0
x3 −2x3 −x3 −x4 0 0 0
x4 −x4 −x4 −x5 0 0 0
x5 0 −x5 0 0 0 0
.
Its determinant is (L) = x25(x24 − 2x3x5)2 which is nonzero. So, L = T ⊕ g is Frobenius. Clearly, x5 and
x24 − 2x3x5 are the irreducible factors of (L). Hence, by Theorem 3.5:
Sz
(
S(g)
)= Sz(S(L))= k[x5, x24 − 2x3x5
]
which is a polynomial algebra.
Finally, by symmetrization:
Sz
(
U (g)
)= Sz(U (L))= k[x5, x24 − 2x3x5
]
.
2. The following nonsolvable examples, selected from [AOV2], have a Levi decomposition g = S⊕ R ,
where S = sl(2,k), with standard basis h, x, y and nonzero Lie brackets [h, x] = 2x, [h, y] = −2y,
[x, y] = h.
e0, e1, . . . , ep will be a basis of R . Wn will be the (n + 1)-dimensional irreducible sl(2,k)-module,
with standard basis e0, e1, . . . , en .
(i) g = sl(2,k) ⊕ W1, with W1 abelian [AOV2, p. 554]. g is a 5-dimensional algebraic Lie algebra of
index 1. Put T = 〈t〉, t = diag(0,0,0,1,1) and L = T ⊕ g.
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t h x y e0 e1
t 0 0 0 0 e0 e1
h 0 0 2x −2y e0 −e1
x 0 −2x 0 h 0 e0
y 0 2y −h 0 e1 0
e0 −e0 −e0 0 −e1 0 0
e1 −e1 e1 −e0 0 0 0
has determinant (L) = 4(e21x+ e0e1h − e20 y)2 = 0.
So, L is Frobenius. On the other hand, g has no proper semi-invariants in S(g) as [g, g] = g. By (7)
of Theorem 3.5 we conclude that g = LΛ and
Z
(
U (g)
)= Sz(U (L))= k[e21x+ e0e1h − e20 y
]
.
(ii) g = sl(2,k) ⊕ R , where R = W2 ⊕ W1 with standard basis e0, e1, e2, e3, e4. [AOV2, p. 567], [O6,
p. 908]. The nontrivial action of sl(2,k) on R is given by
[h, e0] = 2e0, [h, e2] = −2e2, [h, e3] = e3, [h, e4] = −e4,
[x, e1] = 2e0, [x, e2] = e1, [x, e4] = e3, [y, e0] = e1, [y, e1] = 2e2, [y, e3] = e4.
g is an 8-dimensional algebraic Lie algebra of index 2. Consider the split torus T = 〈t1, t2〉, t1 =
diag(0,0,0,1,1,1,0,0), t2 = diag(0,0,0,0,0,0,1,1) and L = T ⊕ g.
Then (L) = 4(e21 −4e0e2)2(e0e24 − e1e3e4 + e2e23)2 = 0. Hence, L is a 10-dimensional Frobenius Lie
algebra. Clearly, [g, g] = g. By (7) of Theorem 3.5 we obtain that g = LΛ and
Z
(
U (g)
)= Sz(U (L))= k[e21 − 4e0e2, e0e24 − e1e3e4 + e2e23
]
.
(iii) Let R be the 5-dimensional nilpotent Lie algebra with basis e0, e1, e2, e3, e4 and nonzero Lie
brackets [e2, e4] = e0, [e3, e4] = e1. sl(2,k) acts on R as follows:
[h, e0] = e0, [h, e1] = −e1, [h, e2] = e2, [h, e3] = −e3,
[x, e1] = e0, [x, e3] = e2, [y, e0] = e1, [y, e2] = e3.
Consider the semi-direct product g = sl(2,k) ⊕ R . g is an 8-dimensional algebraic Lie algebra of
index 2 [AOV2, p. 573].
Put T = 〈t1, t2〉, t1 = diag(0,0,0,1,1,0,0,1), t2 = diag(0,0,0,1,1,1,1,0). Then,
(L) = 4(e0e3 − e1e2)2
(
e21x+ e0e1h − e20 y − e0e3e4 + e1e2e4
)2 = 0.
Hence, L is a 10-dimensional Frobenius Lie algebra. Clearly, g has no proper semi-invariants in S(g) as
R is nilpotent. By (7) of Theorem 3.5 we may conclude that g = LΛ and after symmetrization
Z
(
U (g)
)= Sz(U (L))= k[e0e3 − e1e2, e21x+ e0e1h − e20 y − e0e3e4 + e1e2e4
]
.
A.I. Ooms / Journal of Algebra 321 (2009) 1293–1312 1303Remark. In the last 3 examples we notice that the algebraically independent generators of Z(D(g)) we
obtained in [AOV2,O6] (needed for the veriﬁcation of the GK-conjecture) turn out to be the generators
of Z(U (g)).
5. Indecomposable nilpotent Lie algebras of dimension 7 (k=C)
The main purpose is to describe Z = Z(U (g)) for each Lie algebra g, but also to give the Frobenius
semi-radical F = F (g) and if they exist a CP-ideal (CPI) and a torus T ⊂ Der g for which the semi-
direct product T ⊕ g is Frobenius. Sometimes the possible solutions for T form a family depending on
parameters ∈ k. Other abbreviations are: i = i(g), r = rank g, c = c(g), SQ.I. = square integrable, Q (Z) =
the quotient ﬁeld of Z(U (g)). For dimension  6 all Lie algebras are listed, while in dimension 7 only
those for which i(g) rank g.
These Lie algebras are coregular (i.e. Z(U (g)) is a polynomial algebra over k), except g5,5, g6,6, g6,16
and g7,3.17.
Notation. We use the same notation as Magnin [Ma2] and Carles [Ca]. In addition we include the
notation of Morozov (M_) [Mor] and Cerezo (C_) [Ce1] in dimension 6 and of Seeley ((. . . )) [Se] and
Romdhani (R_) [R] in dimension 7.
dim g 5 (See also [D3, pp. 322–330].)
1. g3 (3-dim Heisenberg Lie algebra)
[x1, x2] = x3.
SQ.I. i = 1, r = 2, c = 2, Z = k[x3], F = 〈x3〉, CPI = 〈x2, x3〉.
T = 〈t〉, t = diag(α,1− α,1).
2. g4 (4-dim standard ﬁliform Lie algebra)
[x1, x2] = x3, [x1, x3] = x4.
i = 2, r = 2, Z = k[x4, x23 − 2x2x4], F = 〈x2, x3, x4〉 = CPI.
T = 〈t1, t2〉, t1 = diag(0,1,1,1), t2 = diag(1,−2,−1,0).
dim g = 5, i(g) rank g
3. g5,1 (5-dim Heisenberg Lie algebra)
[x1, x3] = x5, [x2, x4] = x5.
SQ.I. i = 1, r = 3, c = 3, Z = k[x5], F = 〈x5〉, CPI = 〈x3, x4, x5〉.
T = 〈t〉, t = diag(α,β,1− α,1− β,1).
4. g5,2
[x1, x2] = x4, [x1, x3] = x5.
i = 3, r = 3, c = 4, Z = k[x4, x5, x2x5 − x3x4], F = 〈x2, x3, x4, x5〉 = CPI.
T = 〈t1, t2, t3〉, t1 = diag(1,0,0,1,1), t2 = diag(0,1,0,1,0), t3 = diag(1,−1,−1,0,0).
5. g5,3
[x1, x2] = x4, [x1, x4] = x5, [x2, x3] = x5.
SQ.I. i = 1, r = 2, c = 3, Z = k[x5], F = 〈x5〉, CPI = 〈x3, x4, x5〉.
T = 〈t〉, t = diag(α,1− 2α,2α,1− α,1).
6. g5,6
[x1, x2] = x3, [x1, x3] = x4, [x1, x4] = x5, [x2, x3] = x5.
SQ.I. i = 1, r = 1, c = 3, Z = k[x5], F = 〈x5〉, CPI = 〈x3, x4, x5〉.
T = 〈t〉, t = diag(1,2,3,4,5).
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7. g5,4
[x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5.
i = 3, r = 2, c = 4, Z = k[x4, x5, x23 + 2x1x5 − 2x2x4], F = g5,4, no CP’s.
8. g5,5 (5-dim standard ﬁliform Lie algebra)
[x1, x2] = x3, [x1, x3] = x4, [x1, x4] = x5.
i = 3, r = 2, c = 4, F = 〈x2, x3, x4, x5〉 = CPI, Z = k[x5, f1, f2, f3], f1 = 2x3x5 − x24,
f2 = 3x2x25 − 3x3x4x5 + x34, f3 = 9x22x25 − 18x2x3x4x5 + 6x2x34 + 8x33x5 − 3x23x24.
Relation: f 31 + f 22 − x25 f3 = 0, Q (Z) = k(x5, f1, f2).
dim g = 6, i(g) rank g
9. g6,1 ∼= M4 ∼= C24
[x1, x2] = x5, [x1, x4] = x6, [x2, x3] = x6.
SQ.I. i = 2, r = 3, c = 4, Z = k[x5, x6], F = 〈x5, x6〉, CPI = 〈x3, x4, x5, x6〉.
T = 〈t1, t2〉, t1 = diag(α,1− α,α,1− α,1,1), t2 = diag(1,0,0,−1,1,0).
10. g6,2 ∼= M12 ∼= C22
[x1, x2] = x5, [x1, x5] = x6, [x3, x4] = x6.
i = 2, r = 3, c = 4, Z = k[x6, x25 − 2x2x6], F = 〈x2, x5, x6〉, CPI = 〈x2, x4, x5, x6〉.
T = 〈t1, t2〉, t1 = diag(0,1,α,1− α,1,1), t2 = diag(1,0,2,0,1,2).
11. g6,4 ∼= M7 ∼= C18
[x1, x2] = x4, [x1, x3] = x6, [x2, x4] = x5.
SQ.I. i = 2, r = 3, c = 4, Z = k[x5, x6], F = 〈x5, x6〉, CPI = 〈x3, x4, x5, x6〉.
T = 〈t1, t2〉, t1 = diag(1− 2α,α,2α,1− α,1,1), t2 = diag(0,1,0,1,2,0).
12. g6,5 ∼= M8 ∼= C12
[x1, x2] = x4, [x1, x4] = x5, [x2, x3] = x6, [x2, x4] = x6.
SQ.I. i = 2, r = 2, c = 4, Z = k[x5, x6], F = 〈x5, x6〉, CPI = 〈x3, x4, x5, x6〉.
T = 〈t1, t2〉, t1 = diag(1,0,1,1,2,1), t2 = diag(2,−1,1,1,3,0).
13. g6,7 ∼= M6 ∼= C19
[x1, x2] = x4, [x1, x3] = x5, [x1, x4] = x6, [x2, x3] = −x6.
SQ.I. i = 2, r = 2, c = 4, Z = k[x5, x6], F = 〈x5, x6〉, CPI = 〈x3, x4, x5, x6〉.
T = 〈t1, t2〉, t1 = diag(0,1,0,1,0,1), t2 = diag(1,−2,2,−1,3,0).
14. g6,8 ∼= M9 ∼= C13
[x1, x2] = x4, [x1, x4] = x5, [x2, x3] = x5, [x2, x4] = x6.
SQ.I. i = 2, r = 2, c = 4, Z = k[x5, x6], F = 〈x5, x6〉, CPI = 〈x3, x4, x5, x6〉.
T = 〈t1, t2〉, t1 = diag(1,0,2,1,2,1), t2 = diag(2,−1,4,1,3,0).
15. g6,9 ∼= M14 ∼= C16
[x1, x2] = x4, [x1, x3] = x5, [x2, x5] = x6, [x3, x4] = x6.
i = 2, r = 3, c = 4, Z = k[x6, x1x6 + x4x5], F = 〈x1, x4, x5, x6〉 = CPI.
T = 〈t1, t2〉, t1 = diag(1,α,−α,1+ α,1− α,1), t2 = diag(1,0,−1,1,0,0).
16. g6,10 ∼= M13 ∼= C17
[x1, x2] = x4, [x1, x3] = x5, [x1, x4] = x6, [x3, x5] = x6.
i = 2, r = 2, c = 4, Z = k[x6, x24 − 2x2x6], F = 〈x2, x4, x6〉, CPI = 〈x2, x4, x5, x6〉.
T = 〈t1, t2〉, t1 = diag(1,1,1,2,2,3), t2 = diag(2,−4,−1,−2,1,0).
17. g6,11 ∼= M17 ∼= C11
[x1, x2] = x4, [x1, x4] = x5, [x1, x5] = x6, [x2, x3] = x6.
i = 2, r = 2, c = 4, Z = k[x6, x25 − 2x4x6], F = 〈x4, x5, x6〉, CPI = 〈x3, x4, x5, x6〉.
T = 〈t1, t2〉, t1 = diag(1,0,3,1,2,3), t2 = diag(−1,3,−3,2,1,0).
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i = 2, r = 2, c = 4, Z = k[x6, x35 − 3x4x5x6 + 3x2x26], F = 〈x2, x4, x5, x6〉 = CPI.
T = 〈t1, t2〉, t1 = diag(1,−2,2,−1,0,1), t2 = diag(1,−3,2,−2,−1,0).
19. g6,14 ∼= M11 ∼= C8[x1, x2] = x3, [x1, x3] = x4, [x1, x4] = x5, [x2, x3] = x6.
SQ.I. i = 2, r = 2, c = 4, Z = k[x5, x6], F = 〈x5, x6〉, CPI = 〈x3, x4, x5, x6〉.
T = 〈t1, t2〉, t1 = diag(1,0,1,2,3,1), t2 = diag(2,−1,1,3,5,0).
20. g6,15 ∼= M18(−1) ∼= C7[x1, x2] = x3, [x1, x3] = x4, [x1, x5] = x6, [x2, x3] = x5, [x2, x4] = x6.
i = 2, r = 2, c = 4, Z = k[x6, x3x6 − x4x5], F = 〈x3, x4, x5, x6〉 = CPI.
21. g6,18 ∼= M21 ∼= C2[x1, x2] = x3, [x1, x3] = x4, [x1, x4] = x5, [x2, x5] = x6, [x3, x4] = −x6.
i = 2, r = 2, c = 4, Z = k[x6, x24 − 2x1x6 − 2x3x5], F = 〈x1, x3, x4, x5, x6〉, no CP’s.
T = 〈t1, t2〉, t1 = diag(1,−1,0,1,2,1), t2 = diag(2,−3,−1,1,3,0).
dim g = 6, i(g) > rank g
22. g6,3 ∼= M3 ∼= C21[x1, x2] = x4, [x1, x3] = x5, [x2, x3] = x6.
i = 4, r = 3, c = 5, Z = k[x4, x5, x6, x1x6 − x2x5 + x3x4], F = g6,3, no CP’s.
23. g6,6 ∼= M1 ∼= C20[x1, x2] = x4, [x2, x3] = x6, [x2, x4] = x5.
i = 4, r = 3, c = 5, F = 〈x1, x3, x4, x5, x6〉 = CPI, Z = k[x5, x6, f1, f2, f3], f1 = x24 + 2x1x5, f2 =
x3x5 − x4x6, f3 = 2x1x26 + 2x3x4x6 − x23x5.
Relation: x26 f1 − f 22 − x5 f3 = 0, Q (Z) = k(x5, x6, f1, f2).
24. g6,12 ∼= M15 ∼= C10[x1, x2] = x4, [x1, x4] = x5, [x1, x5] = x6, [x2, x3] = x6, [x2, x4] = x6.
i = 2, r = 1, c = 4, Z = k[x6, x25 + 2x3x6 − 2x4x6], F = 〈x3 − x4, x5, x6〉, CPI = 〈x3, x4, x5, x6〉.
25. g6,16 ∼= M2 ∼= C5 (6-dim standard ﬁliform Lie algebra)[x1, x2] = x3, [x1, x3] = x4, [x1, x4] = x5, [x1, x5] = x6.
i = 4, r = 2, c = 5, F = 〈x2, x3, x4, x5, x6〉 = CPI, Z = k[x6, f1, f2, f3, f4], f1 = x25 − 2x4x6, f2 =
x35 − 3x4x5x6 + 3x3x26, f3 = x24 + 2x2x6 − 2x3x5, f4 = 2x34 + 6x2x25 + 9x23x6 − 12x2x4x6 − 6x3x4x5.
Relation: f 31 − f 22 − 3x26 f1 f3 + x36 f4 = 0, Q (Z) = k(x6, f1, f2, f3).
26. g6,17 ∼= M19 ∼= C4[x1, x2] = x3, [x1, x3] = x4, [x1, x4] = x5, [x1, x5] = x6, [x2, x3] = x6.
i = 2, r = 1, c = 4, Z = k[x6, x25 − 2x4x6], F = 〈x4, x5, x6〉, CPI = 〈x3, x4, x5, x6〉.
27. g6,19 ∼= M20 ∼= C3[x1, x2] = x3, [x1, x3] = x4, [x1, x4] = x5, [x1, x5] = x6, [x2, x3] = x5, [x2, x4] = x6.
i = 2, r = 1, c = 4, Z = k[x6, x35 − 3x4x5x6 + 3x3x26], F = 〈x3, x4, x5, x6〉 = CPI.
28. g6,20 ∼= M22 ∼= C1[x1, x2] = x3, [x1, x3] = x4, [x1, x4] = x5, [x2, x3] = x5, [x2, x5] = x6, [x3, x4] = −x6.
i = 2, r = 1, c = 4, Z = k[x6,2x35 + 3x24x6 − 6x3x5x6 − 6x1x26], F = 〈x1, x3, x4, x5, x6〉, no CP’s.
dim g = 7, i(g) rank g
29. g7,1.03 ∼= (13457G) ∼= R26[x1, x2] = x3, [x1, x3] = x4, [x1, x4] = x5, [x1, x6] = x7, [x2, x3] = x6, [x2, x4] = x7, [x2, x5] = x7,
[x3, x4] = −x7.
SQ.I. i = 1, r = 1, c = 4, Z = k[x7], F = 〈x7〉, CPI = 〈x4, x5, x6, x7〉.
T = 〈t〉, t = diag(0,1,1,1,1,2,2).
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∼= (123457I) ∼= Rλ1, λ = 0,1[x1, x2] = x3, [x1, x3] = x4, [x1, x4] = x5, [x1, x5] = x6, [x1, x6] = x7, [x2, x3] = x5, [x2, x4] = x6,
[x2, x5] = λx7, [x3, x4] = (1− λ)x7.
SQ.I. i = 1, r = 1, c = 4, Z = k[x7], F = 〈x7〉, CPI = 〈x4, x5, x6, x7〉.
T = 〈t〉, t = diag(1,2,3,4,5,6,7).
31. g7,1.1(ii) ∼= (123457C) ∼= R3[x1, x2] = x3, [x1, x3] = x4, [x1, x4] = x5, [x1, x5] = x6, [x1, x6] = x7, [x2, x5] = x7, [x3, x4] = −x7.
SQ.I. i = 1, r = 1, c = 4, Z = k[x7], F = 〈x7〉, CPI = 〈x4, x5, x6, x7〉.
T = 〈t〉, t = diag(1,2,3,4,5,6,7).
32. g7,1.1(iv) ∼= (12457I) ∼= R22[x1, x2] = x3, [x1, x3] = x4, [x1, x5] = x6, [x1, x6] = x7, [x2, x3] = x5, [x2, x4] = x6, [x2, x5] = x7,
[x3, x4] = x7.
SQ.I. i = 1, r = 1, c = 4, Z = k[x7], F = 〈x7〉, CPI = 〈x4, x5, x6, x7〉.
T = 〈t〉, t = diag(1,2,3,4,5,6,7).
33. g7,1.1(v) ∼= (12357C) ∼= R42[x1, x3] = x4, [x1, x4] = x5, [x1, x5] = x6, [x1, x6] = x7, [x2, x3] = x5, [x2, x4] = x6, [x2, x5] = x7,
[x3, x4] = −x7.
SQ.I. i = 1, r = 1, c = 4, Z = k[x7], F = 〈x7〉, CPI = 〈x4, x5, x6, x7〉.
T = 〈t〉, t = diag(1,2,3,4,5,6,7).
34. g7,1.1(vi) ∼= (13457E) ∼= R38[x1, x2] = x3, [x1, x3] = x4, [x1, x4] = x5, [x1, x6] = x7, [x2, x3] = x5, [x2, x5] = x7, [x3, x4] = −x7.
SQ.I. i = 1, r = 1, c = 4, Z = k[x7], F = 〈x7〉, CPI = 〈x4, x5, x6, x7〉.
T = 〈t〉, t = diag(1,2,3,4,5,6,7).
35. g7,1.2(iλ)
∼= (1357S)(ξ = 0) ∼= Rλ52, λ = 1[x1, x2] = x4, [x1, x3] = x6, [x1, x4] = x5, [x1, x5] = x7, [x2, x3] = λx5, [x2, x4] = x6, [x2, x6] = x7,
[x3, x4] = (1− λ)x7.
SQ.I. i = 1, r = 1, c = 4, Z = k[x7], F = 〈x7〉, CPI = 〈x4, x5, x6, x7〉.
T = 〈t〉, t = diag(1,1,2,2,3,3,4).
36. g7,1.2(ii) ∼= (1357S) (ξ = 0)[x1, x2] = x4, [x1, x4] = x5, [x1, x5] = x7, [x1, x6] = x7, [x2, x3] = x6, [x2, x4] = x6, [x2, x5] = x7,
[x3, x4] = −x7.
SQ.I. i = 1, r = 1, c = 4, Z = k[x7], F = 〈x7〉, CPI = 〈x4, x5, x6, x7〉.
T = 〈t〉, t = diag(1,1,2,2,3,3,4).
37. g7,1.2(iv) ∼= (1357H) ∼= R72[x1, x2] = x4, [x1, x4] = x6, [x1, x5] = −x7, [x1, x6] = x7, [x2, x3] = x5, [x2, x5] = x7, [x3, x4] = x7.
SQ.I. i = 1, r = 1, c = 4, Z = k[x7], F = 〈x7〉, CPI = 〈x4, x5, x6, x7〉.
T = 〈t〉, t = diag(1,1,2,2,3,3,4).
38. g7,1.3(iλ)
∼= (1357N)(ξ = 0) ∼= R62, λ = 0
[x1, x2] = x4, [x1, x3] = x5, [x1, x4] = x6, [x1, x6] = x7, [x2, x3] = x6, [x2, x4] = λx7, [x2, x5] = x7,
[x3, x5] = x7.
SQ.I. i = 1, r = 1, c = 4, Z = k[x7], F = 〈x7〉, CPI = 〈x4, x5, x6, x7〉.
T = 〈t〉, t = diag(1,2,2,3,3,4,5).
39. g7,1.3(ii) ∼= (1357L) ∼= R63[x1, x2] = x4, [x1, x3] = x5, [x1, x4] = x6, [x1, x6] = x7, [x2, x3] = x6, [x2, x4] = x7, [x2, x5] = x7/2,
[x3, x4] = −x7/2.
SQ.I. i = 1, r = 1, c = 4, Z = k[x7], F = 〈x7〉, CPI = 〈x4, x5, x6, x7〉.
T = 〈t〉, t = diag(1,2,2,3,3,4,5).
40. g7,1.3(iii) ∼= (1357F ) ∼= R65[x1, x2] = x4, [x1, x3] = x5, [x1, x4] = x6, [x1, x6] = x7, [x2, x4] = x7, [x3, x5] = x7.
SQ.I. i = 1, r = 1, c = 4, Z = k[x7], F = 〈x7〉, CPI = 〈x4, x5, x6, x7〉.
T = 〈t〉, t = diag(1,2,2,3,3,4,5).
A.I. Ooms / Journal of Algebra 321 (2009) 1293–1312 130741. g7,1.3(v) ∼= (1357C) ∼= R99[x1, x2] = x4, [x1, x4] = x6, [x1, x6] = x7, [x2, x3] = x6, [x2, x4] = x7, [x3, x4] = −x7, [x3, x5] = −x7.
SQ.I. i = 1, r = 1, c = 4, Z = k[x7], F = 〈x7〉, CPI = 〈x4, x5, x6, x7〉.
T = 〈t〉, t = diag(1,2,2,3,3,4,5).
42. g7,1.8 ∼= (1357 J) ∼= R70[x1, x2] = x4, [x1, x4] = x6, [x1, x6] = x7, [x2, x3] = x5, [x2, x4] = x7, [x3, x5] = x7.
SQ.I. i = 1, r = 1, c = 4, Z = k[x7], F = 〈x7〉, CPI = 〈x4, x5, x6, x7〉.
T = 〈t〉, t = diag(2,4,3,6,7,8,10).
43. g7,1.11 ∼= (12457E) ∼= R46[x1, x2] = x4, [x1, x4] = x5, [x1, x5] = x6, [x1, x6] = x7, [x2, x3] = x6, [x2, x4] = x6, [x2, x5] = x7,
[x3, x4] = −x7.
SQ.I. i = 1, r = 1, c = 4, Z = k[x7], F = 〈x7〉, CPI = 〈x4, x5, x6, x7〉.
T = 〈t〉, t = diag(1,2,3,3,4,5,6).
44. g7,1.20 ∼= (12457D) ∼= R35[x1, x2] = x3, [x1, x5] = x6, [x1, x6] = x7, [x2, x3] = x4, [x2, x4] = x6, [x2, x5] = x7, [x3, x4] = x7.
SQ.I. i = 1, r = 1, c = 4, Z = k[x7], F = 〈x7〉, CPI = 〈x4, x5, x6, x7〉.
T = 〈t〉, t = diag(1,2,3,5,6,7,8).
45. g7,2.1(iλ)
∼= (1357M) ∼= Rλ64, λ = 0,1[x1, x2] = x4, [x1, x3] = x5, [x1, x4] = x6, [x1, x6] = x7, [x2, x3] = x6, [x2, x5] = λx7, [x3, x4] =
(λ − 1)x7.
SQ.I. i = 1, r = 2, c = 4, Z = k[x7], F = 〈x7〉, CPI = 〈x4, x5, x6, x7〉.
T = 〈t〉, t = diag(α,1− 3α,2α,1− 2α,3α,1− α,1).
46. g7,2.1(ii) ∼= (1357D) ∼= R69[x1, x2] = x4, [x1, x3] = x5, [x1, x4] = x6, [x1, x6] = x7, [x2, x5] = x7, [x3, x4] = x7.
SQ.I. i = 1, r = 2, c = 4, Z = k[x7], F = 〈x7〉, CPI = 〈x4, x5, x6, x7〉.
T = 〈t〉, t = diag(α,1− 3α,2α,1− 2α,3α,1− α,1).
47. g7,2.1(iii) ∼= (1357A) ∼= R101[x1, x2] = x4, [x1, x4] = x6, [x1, x6] = x7, [x2, x3] = x6, [x2, x5] = x7, [x3, x4] = −x7.
SQ.I. i = 1, r = 2, c = 4, Z = k[x7], F = 〈x7〉, CPI = 〈x4, x5, x6, x7〉.
T = 〈t〉, t = diag(α,1− 3α,2α,1− 2α,3α,1− α,1).
48. g7,2.1(iv) ∼= (137D)[x1, x3] = x5, [x1, x4] = x6, [x1, x6] = x7, [x2, x3] = x6, [x2, x5] = x7, [x3, x4] = x7.
SQ.I. i = 1, r = 2, c = 4, Z = k[x7], F = 〈x7〉, CPI = 〈x4, x5, x6, x7〉.
T = 〈t〉, t = diag(α,1− 3α,2α,1− 2α,3α,1− α,1).
49. g7,2.2 ∼= (147D) ∼= R95[x1, x2] = x5, [x1, x3] = x6, [x1, x4] = 2x7, [x2, x3] = x4, [x2, x6] = x7, [x3, x5] = −x7, [x3, x6] = x7.
SQ.I. i = 1, r = 2, c = 4, Z = k[x7], F = 〈x7〉, CPI = 〈x4, x5, x6, x7〉.
T = 〈t〉, t = diag(1− 2α,α,α,2α,1− α,1− α,1).
50. g7,2.10 ∼= (13457C) ∼= R39[x1, x2] = x4, [x1, x3] = x7, [x1, x4] = x5, [x1, x5] = x6, [x2, x6] = x7, [x4, x5] = −x7.
SQ.I. i = 1, r = 2, c = 4, Z = k[x7], F = 〈x7〉, CPI = 〈x3, x5, x6, x7〉.
T = 〈t〉, t = diag(−1+ 2α,2− 3α,2− 2α,1− α,α,−1+ 3α,1).
51. g7,2.23 ∼= (137B) ∼= R107[x1, x4] = x6, [x1, x6] = x7, [x2, x3] = x5, [x2, x5] = x7, [x3, x4] = x7.
SQ.I. i = 1, r = 2, c = 4, Z = k[x7], F = 〈x7〉, CPI = 〈x4, x5, x6, x7〉.
T = 〈t〉, t = diag(α, 12 − α,2α,1− 2α, 12 + α,1− α,1).
52. g7,2.28 ∼= (147B) ∼= R112[x1, x2] = x5, [x1, x3] = x6, [x1, x6] = x7, [x2, x5] = x7, [x3, x4] = x7.
SQ.I. i = 1, r = 2, c = 4, Z = k[x7], F = 〈x7〉, CPI = 〈x4, x5, x6, x7〉.
T = 〈t〉, t = diag(1− 2α,α,−1+ 4α,2− 4α,1− α,2α,1).
1308 A.I. Ooms / Journal of Algebra 321 (2009) 1293–131253. g7,2.30 ∼= (1457B) ∼= R102[x1, x2] = x5, [x1, x5] = x6, [x1, x6] = x7, [x2, x5] = x7, [x3, x4] = x7.
SQ.I. i = 1, r = 2, c = 4, Z = k[x7], F = 〈x7〉, CPI = 〈x4, x5, x6, x7〉.
T = 〈t〉, t = diag( 15 , 25 ,α,1− α, 35 , 45 ,1).
54. g7,2.37 ∼= (1357R)[x1, x2] = x4, [x1, x3] = x5, [x1, x4] = x5, [x1, x6] = x7, [x2, x4] = x6, [x2, x5] = x7, [x3, x4] = x7.
SQ.I. i = 1, r = 2, c = 4, Z = k[x7], F = 〈x7〉, CPI = 〈x4, x5, x6, x7〉.
T = 〈t〉, t = diag(α, 12 − α, 12 , 12 , 12 + α,1− α,1).
55. g7,3.1(iλ)
∼= (147E) ∼= Rλ93, λ = 0,1[x1, x2] = x4, [x1, x3] = x5, [x1, x6] = x7, [x2, x3] = x6, [x2, x5] = λx7, [x3, x4] = (λ − 1)x7.
SQ.I. i = 1, r = 3, c = 4, Z = k[x7], F = 〈x7〉, CPI = 〈x4, x5, x6, x7〉.
T = 〈t〉, t = diag(α,β,1− α − β,α + β,1− β,1− α,1).
56. g7,3.1(iλ), λ = 0 ∼= (247P )[x1, x2] = x4, [x1, x3] = x5, [x1, x6] = x7, [x2, x3] = x6, [x3, x4] = −x7.
i = 3, r = 3, c = 5, Z = k[x5, x7, x2x7 − x4x6], F = 〈x2, x4, x5, x6, x7〉 = CPI.
57. g7,3.1(iλ) , λ = 1[x1, x2] = x4, [x1, x3] = x5, [x1, x6] = x7, [x2, x3] = x6, [x2, x5] = x7.
i = 3, r = 3, c = 5, Z = k[x4, x7, x3x7 − x5x6], F = 〈x3, x4, x5, x6, x7〉 = CPI.
58. g7,3.1(iii) ∼= (147A) ∼= R113[x1, x2] = x4, [x1, x3] = x5, [x1, x6] = x7, [x2, x5] = x7, [x3, x4] = x7.
SQ.I. i = 1, r = 3, c = 4, Z = k[x7], F = 〈x7〉, CPI = 〈x4, x5, x6, x7〉.
T = 〈t〉, t = diag(α,β,1− α − β,α + β,1− β,1− α,1).
59. g7,3.3 ∼= (2457B) ∼= R80[x1, x2] = x4, [x1, x4] = x6, [x1, x6] = x7, [x2, x3] = x5.
i = 3, r = 3, c = 5, Z = k[x5, x7, x26 − 2x4x7], F = 〈x4, x5, x6, x7〉, CPI = 〈x3, x4, x5, x6, x7〉.
T = 〈t1, t2, t3〉, t1 = diag(0,1,0,1,1,1,1), t2 = diag(−1,3,0,2,3,1,0), t3 = diag(0,0,1,0,1,0,0).
60. g7,3.4 ∼= (247F ) ∼= R83[x1, x2] = x4, [x1, x3] = x5, [x2, x4] = x6, [x3, x5] = x7.
i = 3, r = 3, c = 5, Z = k[x6, x7, x24x7 + 2x1x6x7 + x25x6], F = 〈x1, x4, x5, x6, x7〉 = CPI.
T = 〈t1, t2, t3〉, t1 = diag(1,0,0,1,1,1,1), t2 = diag(0,1,0,1,0,2,0),
t3 = diag(2,−1,−1,1,1,0,0).
61. g7,3.5 ∼= (247I) ∼= R86[x1, x2] = x4, [x1, x3] = x5, [x2, x4] = x6, [x2, x5] = x7, [x3, x4] = x7.
i = 3, r = 3, c = 5, Z = k[x6, x7,2x1x27 + 2x4x5x7 − x25x6], F = 〈x1, x4, x5, x6, x7〉 = CPI.
T = 〈t1, t2, t3〉, t1 = diag(1,0,0,1,1,1,1), t2 = diag(1,−1,0,0,1,−1,0),
t3 = diag(2,−1,−1,1,1,0,0).
62. g7,3.6 ∼= (357A) ∼= R98[x1, x2] = x4, [x1, x3] = x5, [x1, x5] = x7, [x2, x3] = x6.
SQ.I. i = 3, r = 3, c = 5, Z = k[x4, x6, x7], F = 〈x4, x6, x7〉, CPI = 〈x3, x4, x5, x6, x7〉.
T = 〈t1, t2, t3〉, t1 = diag(0,0,1,0,1,1,1), t2 = diag(0,1,0,1,0,1,0),
t3 = diag(1,2,−2,3,−1,0,0).
63. g7,3.7 ∼= (257H) ∼= R117[x1, x2] = x5, [x1, x5] = x6, [x2, x4] = x6, [x3, x4] = −x7.
i = 3, r = 3, c = 5, Z = k[x6, x7,2x3x26 + 2x2x6x7 − x25x7], F = 〈x2, x3, x5, x6, x7〉 = CPI.
T = 〈t1, t2, t3〉, t1 = diag(0,0,1,0,0,0,1), t2 = diag(0,1,0,0,1,1,0),
t3 = diag(1,−2,−2,2,−1,0,0).
64. g7,3.8 ∼= (257A) ∼= R121[x1, x2] = x5, [x1, x3] = x6, [x1, x5] = x7, [x2, x4] = x7.
i = 3, r = 3, c = 5, Z = k[x6, x7, x3x7 − x5x6], F = 〈x3, x5, x6, x7〉, CPI = 〈x3, x4, x5, x6, x7〉.
T = 〈t1, t2, t3〉, t1 = diag(1,0,0,2,1,1,2), t2 = diag(0,0,1,0,0,1,0),
t3 = diag(1,−2,−1,2,−1,0,0).
A.I. Ooms / Journal of Algebra 321 (2009) 1293–1312 130965. g7,3.9 ∼= (257C) ∼= R123[x1, x2] = x5, [x1, x5] = −x7, [x2, x3] = x6, [x2, x4] = x7.
i = 3, r = 3, c = 5, Z = k[x6, x7, x3x7 − x4x6], F = 〈x3, x4, x6, x7〉, CPI = 〈x3, x4, x5, x6, x7〉.
T = 〈t1, t2, t3〉, t1 = diag(0,1,0,0,1,1,1), t2 = diag(0,0,1,0,0,1,0),
t3 = diag(1,−2,2,2,−1,0,0).
66. g7,3.10 ∼= (137C) ∼= R111[x1, x2] = x5, [x1, x3] = x6, [x2, x4] = x6, [x2, x6] = x7, [x3, x5] = x7.
i = 3, r = 3, c = 5, Z = k[x7, x26 − 2x4x7, x1x7 + x5x6], F = 〈x1, x4, x5, x6, x7〉 = CPI.
T = 〈t1, t2, t3〉, t1 = diag(1,0,0,1,1,1,1), t2 = diag(0,−1,1,2,−1,1,0),
t3 = diag(1,0,−1,0,1,0,0).
67. g7,3.11 ∼= (257B) ∼= R119[x1, x2] = x5, [x1, x3] = x6, [x1, x5] = x7, [x2, x4] = x6.
i = 3, r = 3, c = 5, Z = k[x6, x7, x3x7 − x5x6], F = 〈x3, x5, x6, x7〉, CPI = 〈x3, x4, x5, x6, x7〉.
T = 〈t1, t2, t3〉, t1 = diag(0,1,0,−1,1,0,1), t2 = diag(0,0,1,1,0,1,0),
t3 = diag(−1,2,1,−2,1,0,0).
68. g7,3.12 ∼= (37D) ∼= R124[x1, x2] = x5, [x1, x3] = x6, [x2, x4] = x6, [x3, x4] = x7.
SQ.I. i = 3, r = 3, c = 5, Z = k[x5, x6, x7], F = 〈x5, x6, x7〉, CPI = 〈x1, x4, x5, x6, x7〉.
69. g7,3.13 ∼= (257K ) ∼= R105[x1, x2] = x5, [x1, x5] = x6, [x2, x5] = x7, [x3, x4] = x7.
i = 3, r = 3, c = 5, Z = k[x6, x7, x25 + 2x1x7 − 2x2x6], F = 〈x1, x2, x5, x6, x7〉, no CP’s.
70. g7,3.14 ∼= (257F ) ∼= R120[x1, x2] = x5, [x1, x3] = x6, [x1, x6] = x7, [x2, x4] = x7.
i = 3, r = 3, c = 5, Z = k[x5, x7, x26 − 2x3x7], F = 〈x3, x5, x6, x7〉, CPI = 〈x3, x4, x5, x6, x7〉.
T = 〈t1, t2, t3〉, t1 = diag(0,0,1,1,0,1,1), t2 = diag(−1,0,2,0,−1,1,0),
t3 = diag(0,1,0,−1,1,0,0).
71. g7,3.15 ∼= (257E) ∼= R122[x1, x2] = x5, [x1, x3] = x6, [x2, x5] = x7, [x3, x4] = x7.
i = 3, r = 3, c = 5, Z = k[x6, x7, x25 + 2x1x7 + 2x4x6], F = 〈x1, x4, x5, x6, x7〉 = CPI.
T = 〈t1, t2, t3〉, t1 = diag(1,0,0,1,1,1,1), t2 = diag(0,0,1,−1,0,1,0),
t3 = diag(2,−1,−2,2,1,0,0).
72. g7,3.16 ∼= (137A) ∼= R108[x1, x2] = x5, [x1, x5] = x7, [x3, x4] = x6, [x3, x6] = x7.
i = 3, r = 3, c = 5, Z = k[x7, x25 − 2x2x7, x26 − 2x4x7], F = 〈x2, x4, x5, x6, x7〉 = CPI.
T = 〈t1, t2, t3〉, t1 = diag(0,1,0,1,1,1,1), t2 = diag(0,0,−1,2,0,1,0),
t3 = diag(1,−2,0,0,−1,0,0).
73. g7,3.17 ∼= (1457A) ∼= R103[x1, x2] = x5, [x1, x5] = x6, [x1, x6] = x7, [x3, x4] = x7.
i = 3, r = 3, c = 5, F = 〈x2, x5, x6, x7〉, CPI = 〈x2, x4, x5, x6, x7〉, Z = k[x7, f1, f2, f3], f1 =
2x5x7 − x26, f2 = 3x2x27 − 3x5x6x7 + x36, f3 = 9x22x27 − 18x2x5x6x7 + 6x2x36 + 8x35x7 − 3x25x26.
Relation: f 31 + f 22 − x27 f3 = 0, Q (Z) = k(x7, f1, f2). Note that Z is isomorphic with Z(U (g5,5)).
74. g7,3.18 ∼= (157) ∼= R129[x1, x2] = x6, [x1, x6] = x7, [x2, x5] = x7, [x3, x4] = x7.
SQ.I. i = 1, r = 3, c = 4, Z = k[x7], F = 〈x7〉, CPI = 〈x4, x5, x6, x7〉.
T = 〈t〉, t = diag(α,1− 2α,β,1− β,2α,1− α,1).
75. g7,3.19 ∼= (27B) ∼= R130[x1, x2] = x6, [x1, x3] = x7, [x3, x4] = x6, [x4, x5] = x7.
i = 3, r = 3, c = 5, Z = k[x6, x7, x2x27 − x3x6x7 − x5x26], F = 〈x2, x3, x5, x6, x7〉 = CPI.
T = 〈t1, t2, t3〉, t1 = diag(0,0,1,−1,2,0,1), t2 = diag(0,1,0,1,−1,1,0),
t3 = diag(1,−1,−1,1,−1,0,0).
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i = 3, r = 3, c = 5, Z = k[x6, x7, x24 − 2x2x6], F = 〈x2, x4, x6, x7〉, CPI = 〈x2, x4, x5, x6, x7〉.
T = 〈t1, t2, t3〉, t1 = diag(1,0,0,1,1,2,1), t2 = diag(0,1,0,1,0,1,0),
t3 = diag(2,−4,−1,−2,1,0,0).
77. g7,3.22 ∼= (247D)[x1, x2] = x4, [x1, x3] = x5, [x1, x5] = x7, [x2, x5] = x6, [x3, x4] = x6.
i = 3, r = 3, c = 5, Z = k[x6, x7, x1x6 − x2x7 + x4x5], F = 〈x1, x2, x4, x5, x6, x7〉, no CP’s.
T = 〈t1, t2, t3〉, t1 = diag(0,0,1,0,1,1,1,1), t2 = diag(0,1,0,1,0,1,0),
t3 = diag(1,1,−2,2,−1,0,0).
78. g7,3.23 ∼= (357B)[x1, x2] = x3, [x1, x3] = x5, [x1, x4] = x7, [x2, x3] = x6.
SQ.I. i = 3, r = 3, c = 5, Z = k[x5, x6, x7], F = 〈x5, x6, x7〉, CPI = 〈x3, x4, x5, x6, x7〉.
T = 〈t1, t2, t3〉, t1 = diag(0,0,0,1,0,0,1), t2 = diag(0,1,1,0,1,2,0),
t3 = diag(2,−1,1,−2,3,0,0).
79. g7,3.24 ∼= (37C)[x1, x2] = x5, [x2, x3] = x6, [x2, x4] = x7, [x3, x4] = x5.
SQ.I. i = 3, r = 3, c = 5, Z = k[x5, x6, x7], F = 〈x5, x6, x7〉, CPI = 〈x1, x4, x5, x6, x7〉.
T = 〈t1, t2, t3〉, t1 = diag(0,0,−1,1,0,−1,1), t2 = diag(1,0,1,0,1,1,0),
t3 = diag(3,−1,1,1,2,0,0).
80. g7,4.1 ∼= (37B) ∼= R126[x1, x2] = x5, [x1, x3] = x6, [x3, x4] = x7.
SQ.I. i = 3, r = 4, c = 5, Z = k[x5, x6, x7], F = 〈x5, x6, x7〉, CPI = 〈x2, x4, x5, x6, x7〉.
T = 〈t1, t2, t3〉, t1 = diag(α,1− α,1− α,α,1,1,1), t2 = diag(1,0,0,0,1,1,0),
t3 = diag(1,0,−1,1,1,0,0).
81. g7,4.3 ∼= (27A) ∼= R131[x1, x2] = x6, [x3, x5] = x6, [x4, x5] = x7.
i = 3, r = 4, c = 5, Z = k[x6, x7, x3x7 − x4x6], F = 〈x3, x4, x6, x7〉, CPI = 〈x1, x3, x4, x6, x7〉.
T = 〈t1, t2, t3〉, t1 = diag(α,1− α,1,1,0,1,1), t2 = diag(1,0,1,0,0,1,0),
t3 = diag(0,0,1,1,−1,0,0).
82. g7,4.4 ∼= (17) ∼= R132 (7-dim Heisenberg Lie algebra)[x1, x4] = x7, [x2, x5] = x7, [x3, x6] = x7.
SQ.I. i = 1, r = 4, c = 4, Z = k[x7], F = 〈x7〉, CPI = 〈x4, x5, x6, x7〉.
T = 〈t〉, t = diag(α,β,γ ,1− α,1− β,1− γ ,1).
Acknowledgments
We would like to thank Alexander Elashvili for fruitful discussions on the subject and for his
encouragement. We are very grateful to Michel Van den Bergh for his genuine interest and for his
valuable help in calculating the invariants for g6,6 and g6,16. We also thank Rudolf Rentschler for his
careful reading of this paper and for making useful remarks. Finally, we wish to thank Mustapha Rais
and François Rouvière for sending us some unpublished manuscripts by André Cerezo (1945–2003).
The life and work of this remarkable mathematician is commemorated in the interesting website
http://math.unice.fr/~frou/AC.html created by François Rouvière.
References
[AOV1] J. Alev, A.I. Ooms, M. Van den Bergh, A class of counterexamples to the Gelfand–Kirillov conjecture, Trans. Amer. Math.
Soc. 348 (1996) 1709–1716.
[AOV2] J. Alev, A.I. Ooms, M. Van den Bergh, The Gelfand–Kirillov conjecture for Lie algebras of dimension at most eight,
J. Algebra 227 (2000) 549–581; Corrigendum: J. Algebra 230 (2000) 749.
[BGR] W. Borho, P. Gabriel, R. Rentschler, Primideale in Einhüllenden auﬂösbarer Lie-Algebren, Lecture Notes in Math.,
vol. 357, Springer-Verlag, Berlin, 1973.
A.I. Ooms / Journal of Algebra 321 (2009) 1293–1312 1311[Ca] R. Carles, Weight Systems for Complex Nilpotent Lie Algebras and Application to the Varieties of Lie Algebras, Prépub-
lication, vol. 96, Département de Mathématiques, Université de Poitiers, 1996.
[Ce1] A. Cerezo, Les algèbres de Lie nilpotentes, réelles et complexes de dimension 6, Prépublication, vol. 27, Département
de Mathématiques, Université de Nice, 1983.
[Ce2] A. Cerezo, On the Rational Invariants of a Lie Algebra, Prépublication, vol. 68, Département de Mathématiques, Univer-
sité de Nice, 1985.
[CV] B. Csikos, L. Verhoczki, Classiﬁcation of Frobenius Lie algebras of dimension  6, Publ. Math. Debrecen 70 (2007)
427–451.
[DNO] L. Delvaux, E. Nauwelaerts, A.I. Ooms, On the semicenter of a universal enveloping algebra, J. Algebra 94 (1985) 324–
346.
[DNOW] L. Delvaux, E. Nauwelaerts, A.I. Ooms, P. Wauters, Primitive localizations of universal enveloping algebras, J. Algebra 130
(1990) 311–327.
[D1] J. Dixmier, Enveloping Algebras, Grad. Stud. Math., vol. 11, Amer. Math. Soc., Providence, RI, 1996.
[D2] J. Dixmier, Sur les représentations unitaires des groupes de Lie nilpotents, II, Bull. Sci. Math. 85 (1957) 325–388.
[D3] J. Dixmier, Sur les représentations unitaires des groupes de Lie nilpotents, III, Canad. J. Math. 10 (1958) 321–348.
[D4] J. Dixmier, Sur les représentations unitaires des groupes de Lie nilpotents, IV, Canad. J. Math. 11 (1959) 321–344.
[DDV] J. Dixmier, M. Duﬂo, M. Vergne, Sur la représentation coadjointe d’une algèbre de Lie, Compos. Math. 29 (1974) 309–
323.
[Dr] V.G. Drinfeld, Hamiltonian Lie groups, Lie bialgebras and the geometric meaning of the classical Yang–Baxter equation,
Sov. Math. Dokl. 27 (1983) 68–71.
[E1] A.G. Elashvili, Frobenius Lie algebras, Funktsional. Anal. i Prilozhen. 16 (1982) 94–95.
[E2] A.G. Elashvili, Frobenius Lie algebras II, Tr. Razmadze Math. Inst. (Tbilisi) 77 (1985) 127–137.
[E3] A.G. Elashvili, On the index of orispherical subalgebras of semisimple Lie algebras, Tr. Razmadze Math. Inst. (Tbilisi) 77
(1985) 116–126.
[EO] A.G. Elashvili, A.I. Ooms, On commutative polarizations, J. Algebra 264 (2003) 129–154.
[EK] A.G. Elashvili, G.N. Khimshiashvili, Lie algebras of simple hypersurface singularities, J. Lie Theory 16 (2006) 621–649.
[FJ1] F. Fauquant-Millet, A. Joseph, Semi-centre d’une sous-algèbre parabolique d’une algèbre de Lie semi-simple, Ann. Sci.
École Norm. Sup. 38 (2005) 155–191.
[FJ2] F. Fauquant-Millet, A. Joseph, La somme des faux degrés — un mystère en théorie des invariants, Adv. Math. 217 (2008)
1476–1520.
[GK] I.M. Gelfand, A.A. Kirillov, Sur les corps liés aux algèbres enveloppantes des algèbres de Lie, Inst. Hautes Etudes Sci.
Publ. Math. 31 (1966) 5–19.
[Ge] M. Gerstenhaber, The principal element of a Frobenius Lie algebra, arXiv: 0801.4808v1, 2008.
[GPS] G. Greuel, G. Pﬁster, H. Schönemann, SINGULAR 3.0, A Computer Algebra System for Polynomial Computations, Centre
for Computer Algebra, University of Kaiserslautern, 2005, http://www.singular.uni-kl.de.
[Go] M-P. Gong, Classiﬁcation of nilpotent Lie algebras of dimension 7, PhD thesis, University of Waterloo, Ontario, Canada,
1998.
[J1] A. Joseph, Proof of the Gelfand–Kirillov conjecture for solvable Lie algebras, Proc. Amer. Math. Soc. 45 (1974) 1–10.
[J2] A. Joseph, A preparation theorem for the prime spectrum of a semisimple Lie algebra, J. Algebra 48 (1977) 241–289.
[J3] A. Joseph, On semi-invariants and index for biparabolic (seaweed) algebras. I, J. Algebra 305 (2006) 487–515.
[J4] A. Joseph, On semi-invariants and index for biparabolic (seaweed) algebras. II, J. Algebra 312 (2007) 158–193.
[JL] A. Joseph, P. Lamprou, Maximal Poisson commutative subalgebras for truncated parabolic subalgebras of maximal index
in sln , Transform. Groups 12 (2007) 549–571.
[LO] L. Le Bruyn, A.I. Ooms, The semicenter of an enveloping algebra is factorial, Proc. Amer. Math. Soc. 93 (1985) 397–400.
[Ma2] L. Magnin, Adjoint and trivial cohomology tables for indecomposable nilpotent Lie algebras of dimension  7 over C,
in: Electronic Book, second corrected ed., Institut de Mathématique, Université de Bourgogne, 2007.
[Ma3] L. Magnin, Determination of 7-dimensional indecomposable nilpotent complex Lie algebras by adjoining a derivation
to 6-dimensional Lie algebras, Algebr. Represent. Theory, in press.
[Moe] C. Moeglin, Factorialité dans les algèbres enveloppantes, C. R. Acad. Sci. Paris Sér. A 282 (1976) 1269–1272.
[Mon] S. Montgomery, X-inner automorphisms of ﬁltered algebras, Proc. Amer. Math. Soc. 83 (1981) 263–268.
[MO] T. Moons, A.I. Ooms, On the Jordan kernel of a universal enveloping algebra, J. Algebra 122 (1989) 211–231.
[Mor] V. Morozov, Classiﬁcation of nilpotent Lie algebras of sixth order, Izv. Vyssh. Uchebn. Zaved. Mat. 4 (5) (1958) 161–171.
[NO] E. Nauwelaerts, A.I. Ooms, Weights of semi-invariants of the quotient division ring of an enveloping algebra, Proc.
Amer. Math. Soc. 104 (1988) 13–19.
[O1] A.I. Ooms, On the ﬁeld of quotients of the universal enveloping algebra of a Lie algebra, PhD thesis, Yale University,
1972.
[O2] A.I. Ooms, On Lie algebras having a primitive universal enveloping algebra, J. Algebra 32 (1974) 488–500.
[O3] A.I. Ooms, On Lie algebras with primitive envelopes, supplements, Proc. Amer. Math. Soc. 58 (1976) 67–72.
[O4] A.I. Ooms, On Frobenius Lie algebras, Comm. Algebra 8 (1980) 13–52.
[O5] A.I. Ooms, On certain maximal subﬁelds in the quotient division ring of an enveloping algebra, J. Algebra 230 (2000)
694–712.
[O6] A.I. Ooms, The Frobenius semiradical of a Lie algebra, J. Algebra 273 (2004) 274–287.
[O7] A.I. Ooms, The Gelfand–Kirillov conjecture for semi-direct products of Lie algebras, J. Algebra 305 (2006) 901–911.
[OV] A.I. Ooms, M. Van den Bergh, A degree inequality for Lie algebras with a regular Poisson semicenter, J. Algebra, in
press, arXiv: math.RT/0805.1342v1, 2008.
1312 A.I. Ooms / Journal of Algebra 321 (2009) 1293–1312[P1] D.I. Panyushev, The index of a Lie algebra, the centralizer of a nilpotent element, and the normalizer of the centralizer,
Math. Proc. Cambridge Philos. Soc. 134 (1) (2003) 41–59.
[P2] D.I. Panyushev, On the coadjoint representation of Z2-contractions of reductive Lie algebras, Adv. Math. 213 (1) (2007)
380–404.
[PY] D.I. Panyushev, O.S. Yakimova, The argument shift method and maximal commutative subalgebras of Poisson algebras,
Math. Res. Lett. 15 (2) (2008) 239–249.
[PS] I.I. Piatetskii-Shapiro, On bounded homogeneous domains in an n-dimensional complex space, Izv. Akad. Nauk SSSR
Ser. Mat. 26 (1962) 107–124.
[RV] R. Rentschler, M. Vergne, Sur le semi-centre du corps enveloppant d’une algèbre de Lie, Ann. Sci. École Norm. Sup. 6
(1973) 389–405.
[R] M. Romdhani, Classiﬁcation of real and complex Lie algebras of dimension 7, Linear Multilinear Algebra 24 (1989)
167–189.
[Sa] S.T. Sadetov, A proof of the Mishchenko–Fomenko conjecture (1981), Dokl. Akad. Nauk 397 (6) (2004) 751–754.
[Se] C. Seeley, 7-Dimensional nilpotent Lie algebras, Trans. Amer. Math. Soc. 335 (1993) 479–496.
[Y] O. Yakimova, A counterexample to Premet’s and Joseph’s conjectures, Bull. London Math. Soc. 39 (2007) 749–754.
Further reading
[AG] J.M. Ancochea-Bermudez, M. Goze, Classiﬁcation des algèbres de Lie nilpotentes de dimension 7, Arch. Math. 52 (1989)
157–185.
[Ma1] L. Magnin, Sur les algèbres de Lie nilpotentes de dimension  7, J. Geom. Phys. 3 (1986) 129–144.
[PSWZ] J. Patera, R.T. Sharp, P. Winternitz, H. Zassenhaus, Invariants of real low dimension Lie algebras, J. Math. Phys. 17 (1976)
986–994.
